An approach to achieve nuclear fusion utilizing the formation of high densities of electrons and neutrals is described. The profusion of low energy electrons provides high dynamic electric fields that help reduce the Coulomb barrier in nuclear fusion; high-density neutrals provide the stability and reaction rates to achieve break-even fusion where charged particles are the main products.
Positive feedbacks, which greatly enhance the fusion process, are made possible in the presence of such high-density operations.
Since the major hurdle in fusion is the Coulomb repulsion between positively charged nuclei, the first feature of our approach consists of using collective temporal and spatial behaviors of free and low-energy electrons to generate negative electric potentials. The Poisson's equation governing potentials depends only on the difference between electron and ion densities and not on their energies. A more favorable potential profile or electric field can be generated by groups of free electrons for quantum tunneling between initially low energy reactants. For example a highly emissive material such as Lanthanum Hexaboride (LaB6) is heated by rotating neutrals to provide a reservoir of free electrons; at the same time the radial movement of electrons is blocked by the same rotating high density (>10 26 /m 3 ) neutrals at the outer electrode such that the emitted free electrons acquire a high density (> 10 22 /m 3 ). Oscillatory or collapsing behaviors of these free electrons, such as those existing in resonant plasma waves [1] can further enhance local electron densities. Since fusion events occur in temporal and spatial scales of femtoseconds and femtometers, even high frequency dynamic electric fields can counteract the repulsive Coulomb electric field between reactant nuclei, thereby causing fusion.
The second feature is to increase the number of reactants through the emphasis on fusion between neutrals, which do not cause instabilities. A method of controlling the motion of neutrals through a minority group of ions was developed from the strong coupling between high-density neutrals and ions through collisions [2] [3] [4] [5] [6] . A highly compressed state including neutrals, electrons and ions through centrifugal or ponderomotive forces results in significant fusion events since the fusion rate depends on the product of densities of reactants.
The third feature is to encourage positive feedbacks among fusion products and high-density reactants; the mutual enhancement between the population of free electrons and charged MeV fusion particles results in larger cross sections above a certain threshold that is related to the generation of electrons and ions in high density neutrals and solid emitters. This feedback process is found to favor aneutronic fusion with charged particles as products and discriminate against neutronic fusion whose neutrons do not interact with the immediate environments.
In this paper we aim to demonstrate that as the Coulomb barrier is reduced by localized electric fields, cross sections for p-B fusion improve from vanishingly small to finite (10 -37 m 2 ) at low energies (tens of eV). High neutral densities of reactants, which do not give rise to plasma instabilities, are present to yield significant fusion events, since the rate of fusion is proportional to the product of reactant densities. Experimental results are presented to demonstrate that above a threshold, given by the energy required to achieve electron and neutral dynamics, exponential growths of fusion events occur. Particles of MeV energy are produced as evidenced by tracks in CR 39 and chamber wall. A net gain in the output power is observed through recordings of temperature changes in the internal structures and coolants. Optical signatures of new elements are also recorded.
Although this approach was first discovered in experimental settings, we have chosen, for pedagogical reasons, to start with a theoretical account. A general discussion of how negative electric fields affect the fusion cross section is given in Section 2. The screening energies as the result of dynamic screening by electron distributions are discussed in Section 3. The energetic particles produced from fusion reactions generally will raise the temperature and ionization of background neutrals, which in turn increase the emission of electrons, in favor of enhancing the fusion cross section. This process of positive feedbacks will be described in Section 4. An experiment using a rotating geometry to illustrate the foregoing principles is discussed in Section 5. The experimental support of our concept is shown in Section 6. The generality of our approach to fusion processes is presented in the concluding Section 7.
II. Effects of electric potential on cross section of fusion interaction
One of the key factors in calculating fusion reaction rates is the cross section, which is usually very small at low energy due to the extremely low penetration factor through the Coulomb barrier around the nucleus. The tunneling through the Coulomb barrier is purely a quantum mechanical phenomenon and can be described by the Coulomb scattering process based on the Schrodinger equation,
where V(r) = Z1Z2e 2 /r is the Coulomb potential between particles of charges Z1e and Z2e. Eq. (1) can be solved for the Coulomb wave function around the nucleus [7] . Since the nuclear radius (~10 -15 m) is much smaller than the Coulomb radius (~10 -10 m), the penetration probability P is related closely to the wave function near r = 0 and obtained as,
where  = e 2 /ℏc is the fine structure constant, v is the particle velocity, and c is the light velocity in vacuum. The constant  can be expressed in terms of the particle energy E [8] ,
where EG is the Gamow energy equivalent to the Coulomb potential at the Bohr nuclear radius. EG is proportional to the nuclear charges squared, making it much more difficult to get fusion going between high-Z nuclei. Since the reaction rate is proportional to the penetration factor, the fusion cross section is customarily written as [8] ( )~(
where S(E) is the astrophysical factor, which represents a modification of actual cross sections from the ideal formula in (2). Usually S(E) has a weak dependence on E and can be expanded in power of E n where the coefficients of expansion are determined from experiments.
When the penetration probability is small, the fusion cross section can also be calculated from the WKB method. Under this approximation, the barrier penetration factor P can be found as
and Upk is the peak potential barrier. In the case of small E, ξ is negligible and
which has exactly the same exponential dependence on energy E as given in (2) when E is much smaller than EG (a generally valid approximation for most cases).
If an external negative potential is created besides the positive Coulomb potential, the height and width of overall Coulomb barrier to be penetrated will become smaller. Usually, this external potential comes from the electrons around the nuclei and typically has a characteristic distance longer than the separation between nuclei; as shown below this property is of great importance to quantum tunneling and therefore to fusion. Generally it can be considered that the Coulomb potential is reduced by a constant value, Es, called the screening energy. Including this effect, the
Equation (8) is identical to (1) if E in (1) is replaced with (E + Es). As a result, we can use the same formula as in (2) and obtain the penetration probability with screening effects as
And the screened cross section, like (4), can be written as
where we assume the astrophysical factor remains the same under the screening effect.
The screening energy can thus affect the fusion cross section, especially when it is close to or higher than the particle energy. Figure 1 shows the cross sections for p-11 B reaction screened with electron densities up to 6x10 25 /m 3 (Es ~ 27.6 keV assuming  = 1m) using (10) along with EG = 2.29 MeV and the following empirical astrophysical factor [9] ( ) = 195 + 247 + 231 2
where S(E) is in MeV-barn and E in MeV. Without screening (Es = 0), the cross sections drop quickly when the particle energy goes below a few tens of keV. With the screening effect, the cross sections turn nearly flat below a few keVs of E because the screening energy dominates over the particle energy in this region. Slightly elevated cross sections as E→0 are due to the appearance of E rises from 1x10 25 to 6x10 25 /m 3 ). The strong ion-neutral coupling is responsible in accelerating neutrals to energies around 20-40 eV (Appendix C). In the following section, we'll show how to create a fusion environment with high screening energies and compare the effect to other known processes, such as muon-catalyzed fusion [10, 11] .
III. Calculation of screening energies
In the previous section, we have shown that screening energy is a key factor in quantifying the screened cross section. It is possible to create a negative potential with the manipulation of electron density distributions around the positive Coulomb potential and determine the effect by calculating the corresponding screening energy. It is important to point out what really causes the screening effect is the electric field generated by collective electron motions. Electrons do not have to be located physically between two fusing nuclei. In the following we consider fusion in ionneutral and neutral-neutral interactions screened by bound electrons or dynamically free electrons.
Results are also compared with muon-catalyzed fusion reactions.
Hydrogen atom approached by a proton
The simplest case is a hydrogen atom target, which consists of an orbiting electron around a proton.
We'll calculate its screening energy and extend to other cases of interest.
Assume the hydrogen atom is at ground state. The electron wave function is well known to be [7] ( ) = 
For small r or large a0, the potential approaches
Therefore, we found the screening energy Es for a hydrogen atom is equal to the Hartree energy, defined as EH = e 2 /a0 ~ 27.2eV. Eq. (14) was derived based on the assumption that the incoming proton will not affect the electron spatial distribution. However, we know that, as the proton moves closer to the target hydrogen nucleus, the total charge is doubled, and the electron orbit will be pulled in and could double the screening energy. So, the overall effective screening energy for hydrogen atom impacted with a proton (ion on neutral) should be somewhere between EH and 2EH.
Since Es is proportional to Z 2 /m, we calculate the screening energy for boron atom to be Es(boron) = 371 eV, consistent with the measured value of 430±80 eV [12, 13] .
Muon-hydrogen screening effect
Muon-hydrogen atom is formed when the electron is replaced with a muon. The formulas for the ordinary hydrogen atom can be applied to the muon-hydrogen, except the electron mass needs to be replaced with the muon mass, which is about 207 times heavier. Therefore, we expect the screening energy for the muon-hydrogen with an incoming proton is
Eq. (15) shows that the screening energy is proportional to the mass of the orbiting lepton.
Screening between two approaching hydrogen atoms
In most cases, we are interested in two neutral atoms approaching each other, with screening Therefore, the neutral-neutral screening energy is greater than the ion-neutral case by about 40 percent. As pointed out earlier, when the two neutrals move to nearly overlap with each other, both inner orbiting electrons will be subject to the charge of two nuclei and the screening energy can move closer to 2EH.
Dynamic electron oscillation screening
It is obvious that a uniform electron density cannot generate needed screening energy because there is no variation in the electric potential. For high-density electron plasmas in a matching positive charge background, such as in metals, the best way to generate high electric fields is by resonant plasma oscillations or plasma waves. The fusion process has small spatial and temporal scales, which are shorter than those of plasma oscillations in the visible range, such as plasma resonances on the surface of metals. The groupings of electrons in the plasma oscillation could produce high oscillating electric fields to offset the Coulomb repulsion between fusing nuclei.
Assume the plasma wave has the sinusoidal form of
where n1 is the plasma wave amplitude and  is the wavelength. From the Poisson's equation, the corresponding electric potential energy can be found to be
The amplitude of the potential variation is thus the screening energy, which can be written as
For a typical plasma wave induced by visible or infrared laser, the wavelength is  ~ 10 -6 m. In this case, the screening potential is Es = 4.6 keV for a plasma wave amplitude of n1 = 10 25 m -3 .
This energy is comparable to the screening energy for the muon-catalyzed hydrogen fusion (5.6 keV). Therefore, we expect an electron plasma wave of amplitude ~1.2x10 25 m -3 around a hydrogen atom would result in a cross section similar to the muon-catalyzed fusion. Apparently, such plasma waves should be easier to produce than the short-lived muons. The nonlinear collapse [1, 14] of plasma waves can lead to spatial scales of a tenth of plasma wavelength. These highly localized oscillating electric fields lead to ponderomotive forces that are proportional to the gradient of field intensities. These forces compress positive ions together and help to lower the Coulomb barrier between positively charged nuclei.
Long-wavelength electron screening
Since the shielding electric field E is proportional to the surface charge density (E~ nl), the screening energy thus behaves as Es ~ El ~ nl 2 where l is the characteristic length of such electron density slab, as shown in Eq. (16) . The required electron density fluctuation can thus be greatly relaxed for the same screening effect. Such a situation can exist near the surface of electron emitters as discussed in a later section on plasma fusion echoes.
IV. Enhanced fusion with positive feedback
The key feature of this new fusion concept depends on the screening effect of electrons around the neutrals. It is expected that the fusion process will release more electrons through heating or collisions with fusion products. These processes could cause larger electron density fluctuations, such as Langmuir collapses [1, 15] . This type of positive feedback generates stronger screening effects and could create sustainable fusion process for energy production ( Figure 2 ). 
Positive Feedback
t e e n  Each alpha particle could induce about 10 5 electrons in its path before its energy is completely dissipated [16] [17] [18] . These electrons thus provide effective screening mechanism to further the fusion process. The change of the electron density fluctuation can be written as
where "3" comes from "3" alpha particles per reaction,  (~ 10 5 ) is the number of electrons per alpha,  (~ 0.01) is the fractional plasma oscillation amplitude,  is the cross section, v is the relative velocity between hydrogen and boron,  is the reaction rate, and n, nH, nB are the densities of alpha, hydrogen, boron.
In general, if the electron density does not change much from the initial value during the fusion process, the Es-dependent cross section can be expanded as
where Es0 is the initial screening energy and ' is the derivative of  with respect to Es.
From (19) , (20) , and (21), we can write an equation for Es(t) as
where constants b is proportional to the slope of cross section '(Es0). Equation (22) can be solved easily for time-dependent Es,
Since the screening energy is proportional to the electron density fluctuation amplitude, we can also write the time-dependent amplitude as the particular fusion reaction. Its dependence on the screening energy Es is shown in Figure 3 for the p-B reaction. At Es = 20 keV, the growth factor q is approximately 0.03. 
Eq. (25) shows that the characteristic time of the exponential growth is in the range of a few milliseconds, consistent with what was observed in the lab. To derive the dependence of output energy on input energy, we need to understand how these two quantities are related to the parameters in (24) . The output power can be obtained from (20) and
Therefore, the output energy density can be written as
where the relation between Es and n1 in (19) has been used. In the first-order approximation, the growth rate b is expected to be proportional to the input power density. Therefore, Eq. (30) can be re-written as with the lab observation in Section VI ( Figure 6 ).
Sometimes it's more convenient to express the reaction rate, , in terms of the center-of-mass energy E, instead of the relative velocity v. Using (10) in (26), we have
Using E = v 2 /2 where  = mpmB/(mp+mB) is the reduced mass between two interacting atoms (e.g. 
and is the Sommerfeld factor. It is shown in (34) that the reaction rate depends only on the combination of E and Es, not individually. Therefore, higher E would reduce the requirement on the screening energy. Although E is about 20 to 40 eV in the current experiment, we are ready to raise the energy to a few keV through imposing higher × forces (Appendix C). As a result, the system would require less screening energy to attain similar reaction rates.
V. Rotating system to illustrate feasibility of fusion
Our laboratory has designed an experiment that encompasses the three features described previously: profusion of oscillating electrons, gas compression with high neutral density and reaction enhancement with positive feedbacks.
First a special method is invented to rotate a large number of neutrals by a small number of ions capable with a sampling speed of 775,000 frames per second.
We have chosen a rotating system because it is desirable to have fusion at the outer edge of the chamber where electrons, neutrals, ions are all compressed by a large centrifugal acceleration (~10 10 m/s 2 , a billion times stronger than the gravitational acceleration on Earth). The outer edge also offers advantages of easy access to measurements and the extraction of energy.
Our experiments are performed in a cylindrical system with two concentric electrodes immersed in an axial magnetic field B (~ 0.1-1.0 T). The experimental chamber is filled with 100% hydrogen gas up to 3.5 torr. Two operating modes have been attempted: a short-pulse mode with a capacitor bank and a long-pulse/steady-state mode with a DC supply.
In the pulse mode, after a short initial pulse (1. Fusion is observed in a short pulse (12 msec) experiment to occur with the following diagnostics:
CR39 plastic detectors register energetic MeV particles from fusion processes; oscillating electric fields for screening effects are demonstrated by the appearance of fusion echoes at discrete azimuthal locations.
In the long-pulse/steady-state mode, the system is run at 200 -500 V up to 30 A of current after an initial discharge pulse. The system, cooled by circulating water, is specially suited for measurements of heat for consideration of energy balance.
Fusion echoes due to electrons carried by azimuthal neutral flows
As shown in Figure 4 , a fast camera with two optical filters centered at 589 nm with a width of 7 nm records images of the cross section of our experimental device. The fast camera was able to record the entire duration 12.85 msec with a resolution of 0.01 msec. The optical emissions from helium neutrals and carbon ions, products of p-11 B fusion, fall into this optical spectral range. electrons are found to create oscillating double charge layers [19, 20] .
As such oscillating electrons are carried in the azimuthal direction by the rotating neutrals, fusion processes occur when propagating electron densities from different sources arrive in phase at specific locations. Fusion process is identified by the emission of energetic ions whose orbits are influenced by the axial magnetic field. These "fusion echoes" demonstrate that oscillating electrons play important roles in the fusion process through creating high densities and fields and that there is a threshold for the reduction of the Coulomb barrier. The locations of echoes depend only on the distance between the two sources and the ratio of the oscillation frequencies of these two sources [21, 22] . A short description of the theory of plasma echoes is given in Appendix E.
Detection of energetic MeV particles from fusion

Detection by CR39 plastic detectors
Particles of MeV energies generated from fusion are measured with CR-39 plastic detectors [23] made from a hydrocarbon compound (Columbia Resin 39 orpoly allyl diglycol carbonate). Such energetic particles damage the chemical bonds in their penetration through the detector. This commonly used diagnostic for energetic particles does not require any elaborate electronics. When exposed to a 6.25M NaOH solution for 75 minutes, the damaged portion of the detector is etched The diameter and contrast together determine the kind of particles to be detected [23] . 
VI. Experimental support of new approach.
We have already shown in the previous section that MeV particles are produced even though neutrals and electrons are in the 20eV range. We have also observed the optical emission of new elements such as helium and carbon, which can only appear as the products of p-11 B reaction. We will comment next on how experiments have provided further support for fusion processes.
Positive feedback
The rate of fusion is characterized by positive feedbacks in which the electron population and the fusion product in charge particles enhance each other. As shown in the theoretical treatment, the fusion product in terms of MeV particles should undergo an exponential rise. We have plotted the percentage increase of MeV particles (measured by CR 39) as function of the input power in Figure 6 . There is a threshold followed by an exponential rise. 
Measurements of gain factor G = Pout / Pin
According to our concept, the power used to produce electrons and drive neutrals should be less than the power generated by fusion to prove the presence of fusion reactions.
Since our approach of lowering the fusion barrier results in a few fusion processes taking place simultaneously, an inclusive method is devised to operate the Alphas Ring system in a long-pulse mode (~20s) in which the increases in temperatures of all components were measured. Three regions of measurements, the central electrode, the outer electrode and the end plates have their own separate temperature sensors. The total output power is equal to the sum of all the heat generated in such a system. Because fusion events occur at the surface of the outer shroud, the largest contribution to the output heat comes from fusion reactions at this copper or tantalum 
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shroud. The heat carried by water-cooling of the outer shroud is also included in the overall estimate of total heat generated.
The total input power is simply the electrical power supplied to the system from the wall plug.
Presently the gain factor G = Pout/Pin under several long-pulse conditions (t ~ 20 sec) averages to approximately 9. Results of four power extraction experiments are shown in Table 1a . The experimentally obtained power gain factor G as function of time in one long-pulse experiment is summarized in Table 1b . Observation of self-sustaining reactions: evidence of Gain > 1
With the gain factor G greater than unity we present a piece of evidence of self-sustaining reaction in an isolated LaB6 emitter. As shown in Figure 7 , an isolated piece of emitter, 400 microns in diameter, glows for 100 sec and then splits into two equal pieces. This single piece observed with a telescopic lens was originally attached to the main piece of emitter. When it is broken off it becomes stationary in the stream of clockwise hydrogen neutrals and the counter-clockwise flow due to radial pressure gradient. As shown in Appendix F the number of fusion reactions can account for the energy required to split this piece of emitter into two equal halves. The piece grows to twice the size (t = 33 sec); (C) The single piece is split into two nearly equal pieces (t = 100 sec).
VII. General application of this approach
This approach of utilizing high-density electrons and neutrals with positive feedback are not restricted to a rotating system. In fact, it is equally informative to perform experiments in nano and pico regimes where nuclear fusion reactions can be precisely monitored in the presence of collective electron dynamics. We are presently following this path of designing nano-systems [25] [26] where fusion products can be diagnosed by surrounding alpha detectors. Both laser experiments and computer modeling are employed towards this goal.
The scaling of this concept to large systems has been examined. Since rotation does not depend on a mechanical rotor, an arbitrary large system as befits a power station can be developed. We have demonstrated the beneficial effects of electron screening and are now developing an important acceleration scheme such that a large number of neutrals at keV energy can be rotated.
As a result, the fusion cross section will be much larger and the requirements of high-density electrons can be relaxed.
Conclusion
A distinguishing consequence of our approach is the attainment of more than break-even fusion.
The large gain ratio of energy released compared to the incident energy is due to the fact that our approach relies on the proper positioning of electrons and neutrals and does not requires their energies to be high compared with the Coulomb barrier. The evidence of fusion has been confirmed by the appearance of MeV particles, energy balance, optical and mass spectra of helium and carbon atoms.
This approach should affect all types of fusion reactions. Collective electron dynamics play an important role in reducing the Coulomb barrier. The large concentration of neutrals has led to the positive feedback in fusion reactions, enabling aneutronic processes to dominate over neutronic processes.
The three features of our approach have been demonstrated experimentally and theoretically in a rotation system characterized by its large centrifugal acceleration. Other systems can also be used to achieve fusion at low energies and high densities when the collective electron dynamics is utilized. To our best knowledge, this is the first time fusion with positive gains is achieved in a table-top system under both pulse and steady-state conditions. Our approach can be scaled to larger or smaller systems for a wide range of applications.
Appendix A: Coulomb potential energy between two hydrogen atoms
To find out the screening energy of two interacting hydrogen atoms, we need to calculate the overall Coulomb energy between these two atoms as they approach each other. In the first order approximation, it can be assumed that the bound electron distributions are not affected by the approaching nuclei. The "atom-atom" potential energy between atoms 1 and 2 (with coordinates shown in Figure A1 ), can thus be calculated from the following integral,
( where (r) and n(r) represent the point-charge nucleus and orbital electron density distribution separately. The ground-state electron density distribution in the hydrogen atom is given by 1s-state wave function (a0 is the Bohr's radius) 
In the first order approximation, the "atom-atom" potential energy can be seen as the combination of "atom-proton" and "atom-electron" potential energies.
Instead of carrying out the tedious integral (A1) to obtain the "atom-proton" potential energy, Uap(r)
can be solved readily from the Poisson's equation
And the solution was found to be
which is exactly the "atom-proton" potential energy as shown in Eq. (13).
To obtain the "atom-electron" potential energy, we can take the "atom-proton" potential energy and integrate over the electron cloud density distribution (with negative charge). 
This is exactly the r-dependent potential energy shown in (16) . For comparison, Uap and Uaa are plotted in Figure A2 as function of nucleus separation. It is noted that "atom-proton" force is always repulsive, since the slope of the potential energy is always negative. However, the "atom-atom" potential energy has a minimum at 1.875a0. The force between 2 atoms is attractive if the separation is larger than this value and repulsive if smaller. It behaves similarly to the well-known
Van der Waals force between two neutral molecules and is the result of electron cloud distributed extensively around the nucleus. Figure A2 : Coulomb potential energies between a neutral atom and a proton (blue dash) or between two atoms (red solid). It is noted there is a minimum in the atom-atom potential energy at 1.875a0. This is the result of electron cloud-cloud interaction and the force between two atoms turns attractive when they are separated farther than this distance.
Appendix B: Threshold and saturation of the fusion process
It has been shown in (23) Note that b is the exponential growth rate of Es and q can be treated as a growth factor, which is a dimensionless parameter depending only on the intrinsic property of the particular fusion reaction and is a slowly varying function of Es. Eq. (B1) describes only the start up phenomenon with exponential growth, but does not provide other interesting information, such as threshold conditions and steady-state operation.
Threshold conditions
There might be other processes with decaying power to overcome the exponential growth. In such cases, the fusion will grow very slowly or not at all. One of possible mechanisms is the decay of plasma wave oscillations. Including this effect, the equation for Es(t) becomes
where  is the damping rate of plasma waves. The solution of (B2) was found to be 
Therefore, the threshold condition for starting the exponential growth is that the fusion growth rate has to be larger than the damping rate of plasma waves, i.e. 
Saturation of fusion process
On the other hand, to reach a steady state, the growth rate should decrease as n1 grows. This 
where I is the current flowing from the inner wall to the outer wall and V is the voltage between these two walls. For the long pulse experiments, the input electric power is close to 2 kW. This calculated gain factor 11.6 is close to the measured gain values 10 as shown in Tables 1a & 1b . 
The two terms on the left-hand side of (B14) describes two different time dependences. When the process is unsaturated, the second term dominates and represents an exponential growth in time.
When the process is saturated, the first term takes over and results in a linear growth in time. The general behavior of the output power, which is proportional to the slope of n1(t), is shown in Figure   B2 where the normalized saturation density, ns/n10, is set at 20. It can be seen that n1' (proportional to output power) increases exponentially at the beginning and is saturated eventually at a level close to ns. 
Appendix C: Ion-neutral coupling
The following equations describe how neutrals through their frequent collisions with ions can be made to follow the external electromagnetic excitations. Neglecting the viscosity tensor and ( • ) terms and adding (C1) and (C2), the interaction terms are cancelled, and we have
Equation (C3) can be written as
where ρ = + = ( + ) is the combined ion-electron density, and the average velocity and effective electric current are (assuming n ~ ni ~ ne).
Now, consider the interactions between the charge current and the neutrals. Their equations can be written as
Adding (C7) and (C8), the interaction terms are cancelled and we obtain
Equation ( 
Appendix D: Gas density enhancement factor
In a rotating gas system, the centrifugal force on the neutrals is balanced by the gas radial pressure gradient when there is no gas flow in the radial direction,
Equation (D1) can be solved to get the r-dependent gas density
where R is the outer radius and ER is the kinetic energy at R. It is clear that the density has an exponential dependence on radius squared. Equation (D2) can be integrated over the space to obtain the average density n0, which is equivalent to the initial uniform gas density before rotation.
Using this value, the r-dependent density can be written as 
It has been demonstrated in the lab that the gas can be driven up to 3x10 5 RPS or higher without losing stability. Just for example, assume the gas is rotating at 10 5 RPS and the radius is 10 cm.
At this speed, the hydrogen molecule has a kinetic energy of 41.2eV. At room temperature (kT = 0.026eV), the value of  is about 1600. The gas density and the pressure near the outer wall are thus enhanced by this factor. For an initial gas pressure of 3 torr, the wall pressure at 10 5 RPS will be about 6.3 atmospheres and the compressed gas density is 1.6x10 26 m -3 . This density is 6 orders of magnitude higher than typical hot ion plasma densities for the thermonuclear fusion.
Appendix E: Locations of fusion echoes observed in Alpha Ring experiments
Echo process in general requires a distribution or collection of oscillators whose phases are dependent on certain spatial coordinates. In our fusion experiments we have a group of rotating neutrals whose angular rotation speeds depend on their radial locations. These neutrals pass through two electron emitters situated on the outer shroud with a separation angle of θ0.
For echoes to occur there must be oscillations of electric fields generated by dynamic temporal variations of electron densities at each source. Past experiments have shown that counter flows of ions and electrons are found to create oscillating double charge layers [19, 20] . As such oscillating electrons are carried in the azimuthal direction by the rotating neutrals, fusion processes occur when the oscillations of propagating electron densities from different sources arrive in phase at specific locations. Fusion process is identified by the emission of energetic ions whose orbits are influenced by the axial magnetic field. These "fusion echoes" demonstrate the evidence of oscillating electron densities and how they play important roles in the fusion process through creating higher densities and fields at certain locations and that there is a threshold for the reduction of the Coulomb barrier. The locations of echoes depend only on the distance between the two sources and the ratio of the oscillation frequencies of these two sources [21, 22] .
Effect of perturbations by two locations 1 and 2 separated by an azimuthal distance of L = r0 0.
The summation of the oscillating fields contributed by the collection of rotating neutral streams with imbedded electrons of distribution f (v) can be written as: 
For example, if 2 = 21, we have  = 2 0 . If 2 = 31, we have  = 3 2 0 . In general 1 and 2 can be harmonics of a fundamental frequency 0 for high-order echoes. From (E3), we know it is necessary that 2 > 1 if the echoes are to occur in the forward direction and the ratio of two frequencies is a rational number, i.e. 2/1 = m/n and m > n (m, n are the harmonic numbers of 2, 1). In general, the higher-order echoes have a lower strength than the fundamental. All the observed echoing locations (the azimuthally separated bright spots in Figure 4 
